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Cosmic history can be traced considering further curvature contributions inside the gravitational action. As-
suming that standard General Relativity can be extended by other curvature invariants, we discuss the possibility
that an action containing higher-order curvature terms can fit, in principle, the whole universe evolution. In par-
ticular, a theory like F (R,G), with R the Ricci scalar and G the Gauss-Bonnet topological term, contains all
the curvature invariants that, depending on the energy regime, can address inflation, matter dominated and dark
energy regimes. In this paper, we investigate this possibility considering how F (R,G) models can lead gravity
from ultraviolet to infrared scales. Specifically, we will take into account a cosmographic approach for this
purpose.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
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I. INTRODUCTION
According to our current perspective, the Universe seems
dominated by two ingredients we find frustratingly difficult to
understand at fundamental level. One of these is the dark mat-
terwhich drives the formation of self-gravitating systems. De-
spite extensive searches for new candidates beyond the Stan-
dard Model of Particle Physics that could account for the dis-
crepancy between luminous and non-luminousmatter, no final
evidence emerged so far [1].
Furthermore, the recent issue of the accelerated expansion
of the Hubble flow gave rise to the possibility of another elu-
sive component of cosmic pie, the so-called dark energy. Also
in this case, no fundamental particle, capable of addressing the
cosmological dynamics, has been detected so far (for a com-
prehensive review see, for instance, Refs. [2, 3]). On one
hand, we need a mechanism able to cluster structures and, on
the other hand, we need a mechanism able to speed up the
cosmic fluid. Despite the existence of macroscopic evidences,
no fundamental ingredient emerged till now to account for the
95% of cosmic matter-energy content (for a comprehensive
review we refer to [4]).
This state of art triggered the development of alternative
theories of gravity formulated with the aim to replace, correct
or extend General Relativity (GR) in view of accounting for
the discrepancies in apparent mass and cosmic acceleration.
Nevertheless GR explains a broad range of phenomena and
it works very well to describe the Universe as a whole, pro-
vided dark matter and dark energy exist as separate entities.
According to this fact, any alternative theory has to reproduce
GR results trying to account for additional effects as those
detected at infrared scales [5–9]. Furthermore, the lack of a
self-consistent quantum gravity drives the search for effective
theories [10] as alternatives at ultraviolet scales. These ap-
proaches led to a semi-classical picture where geometry is de-
scribed by a space-time continuum and matter-energy side is
given by some scalar fields or geometric corrections [11, 12].
However, the picture is consistent if we are quite far from the
Planck scales and matter-energy can be averaged to give clas-
sical counterparts.
One of the common features of these effective models is
including invariant terms and scalar fields in the gravitational
action [13]. In particular, curvature invariants, constructed by
Ricci, Riemann and Weyl tensors, emerge as soon as renor-
malization and regularization of quantum fields on curved
spaces are considered [11, 12]. As it is well-known, these
terms have a cosmological impact and can trigger inflation at
early epochs [14] and dark energy at late epochs [15].
The basic idea is that gravity agrees with GR at certain
scales and epochs but may have quite different behaviors at
very short (ultraviolet) and very large (infrared) scales. In
principle, considering corrections related only with scalar cur-
vature, one can expect effective actions like [16]
F (R) = ..+
α2
R2
+
α1
R
+ α0 +
R
β1
+
R2
β2
+
R3
β3
+ ..., (1)
where negative powers work at infrared while positive pow-
ers work at ultraviolet scales [17]. Here α0 has the role of
a cosmological constant, and αi and βi are dimensional cou-
plings. However, this is a phenomenological approach giving
just a coarse-grained picture. In a more refined theory other
curvature invariants should be considered.
According to the previous considerations, issues as the
trace anomaly or the renormalization at one-loop level re-
quire higher-order curvature invariants which are mostly re-
2curved space time [11, 12]. Specifically, these corrections
to the Hilbert-Einstein action are second-order curvature in-
variants giving rise to fourth-order field equations in metric
derivatives. Considering a generic theory containing curva-
ture invariants means to take into account Lagrangians like
F (R,Rµν , Rµνδγ) and then improving the number of degrees
of freedom related to the gravitational field. However, as dis-
cussed in details in [18–20], surface terms coming from com-
binations of curvature invariants can reduce the complexity of
these theories.
A specific role is played by the Gauss-Bonnet topological
term G which is a second order combination of curvature in-
variants defined as
G ≡ R2 − 4RαβRαβ +RαβρσRαβρσ , (2)
where R is the curvature scalar, Rαβ is the Ricci tensor and
Rαβρσ is the Riemann tensor. In differential geometry, it is∫
M
Gdnx = χ(M) , (3)
where χ(M) is the Euler characteristic of a manifoldM in n
dimensions. For n = 4, χ(M) = 0 so it can be considered a
surface term not affecting dynamics. Furthermore, G emerges
in the trace anomaly as soon as one wants to regularize and
renormalize gravity at one-loop level (see [12, 13] for details).
However, for any non-linear function of G, this property does
not hold and then contributions to the gravitational action are
non-trivial [21].
According to these considerations, a generic function
F (R,G) can contain the whole information related to fourth-
order dynamics. In other words, a two-scalar field theory with
combinations ofR and G well represents gravity with second-
order curvature invariants.
This class of models is capable of describing several phe-
nomena at different scales, such as, the current acceleration
of the Universe at late epochs and double inflation at early
epochs [22, 23]. Strong field phenomena, like extreme neu-
tron star configurations, can be also framed in the context of
Gauss-Bonnet gravity [24]. Moreover, this kind of theories
can satisfy the Solar System tests in the weak field limit [25].
In general, Gauss-Bonnet gravity can be relevant in cosmol-
ogy as shown in [21, 26–46].
In this perspective, some important issues can be the fol-
lowing: being such a theory well motivated at UV and IR
scales, is it possible to select Gauss-Bonnet gravity models
capable of tracing the Universe history at any epoch? In
some sense, is it possible to connect inflation and dark en-
ergy epochs, passing through matter epoch, without choosing
"ad hoc" models [47, 48]?
These questions may find an answer using the cosmo-
graphic approach [49, 50] that can be extended also to higher
redshift regimes [51–53] and, in principle, is able to constrain
the value of the Hubble constant and the other cosmographic
parameters. Once these parameters are determined, they can
be used to fix reliable constraints on theoretical models. This
method is especially suited to the study of higher order grav-
ity theories [54, 55] like the one we shall study in the next
sections.
Obviously, considering higher order theories with more
than one field, such as F (R,G), involves some mathemati-
cal difficulties in handling field equations and therefore also
in finding analytical expressions for the cosmographic param-
eters. The choice of the function F (R,G) is crucial in this
type of approach. Therefore, assuming very general hypothe-
ses like analyticity and derivability, one is able to obtain use-
ful relations among cosmographic parameters and the n-th
derivatives F (n)(R,G) = dnF/d(RnGn) for any choice of
the function F (R,G).
The paper is organized as follows. In Sec. II, we sketch
F (R,G) gravity deriving its field equations. Sec.III is de-
voted to Gauss-Bonnet cosmology. In particular we derive the
Friedman equations that will be used in the following analy-
sis. In Sec.IV, we discuss how G terms are particularly useful
in early epochs and, together with R2 corrections, give rise to
inflation. The cosmographic approach is developed in Sec. V
giving all the technical details of the cosmographic series. Ob-
servational data and the methodology adopted for the analysis
are described in Sec. VI. In Sec. VII, the F (R,G) cosmog-
raphy is derived together with the observational constraints
on the models. Discussion and conclusions are drawn in Sec.
VIII. In the Appendix A, calculations adopted for the cosmo-
graphic analysis are reported.
II. GAUSS-BONNET GRAVITY
Let us start by writing a general action for Gauss-Bonnet
gravity 1 [22, 25, 56]
A = 1
2κ
∫
d4x
√−gF (R,G) +AM , (4)
where κ = 8πG, AM is the standard matter action, and
F (R,G) is a function of the Ricci scalar and the Gauss-Bonnet
topological invariant. Variation of the action (4) with respect
to the metric provides the following gravitational field equa-
tions
Rµν − 12gµνR = κT (mat)µν + T (GB)µν , (5)
where T
(GB)
µν is defined as
T (GB)µν = ∇µ∇νFR − gµν FR + 2R∇µ∇νFG
− 2gµνRFG − 4R λµ ∇λ∇νFG − 4R λν ∇λ∇µFG
+ 4RµνFG + 4gµνR
αβ∇α∇βFG
+ 4Rµαβν∇α∇βFG − 1
2
gµν (RFR + GFG − F )
+ (1− FR)
(
Rµν − 1
2
gµνR
)
, (6)
involving all extra terms with respect to GR. As shown in [64],
T (GB) can be recast as a perfect fluid of geometric origin.
1 We are using physical units.
3The trace equation is
−2F + FRR+ 3∇2FR + 2FGG + 2R∇2FG
−4Rρσ∇ρ∇σFG = 2κ2T. (7)
and derivatives are denoted as
FR ≡ ∂F (R,G)
∂R
, FG ≡ ∂F (R,G)
∂G . (8)
GR is recovered as soon as F (R,G) → R. If G is not taken
into account, we recover immediately F (R) gravity. In this
sense, Gauss-Bonnet cosmology is a straightforward two-field
extension of F (R) gravity.
III. GAUSS-BONNET COSMOLOGY
Starting from the above theory, it is possible to derive the
related cosmology. We consider a spatially flat Friedman-
Robertson-Walker (FRW) metric like
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) , (9)
where a(t) is the scale factor of the Universe. In this back-
ground, the cosmological equations (see for details Eqs. (A3)-
(A4)), without standard matter, can be written in a simplified
way as [23, 56]
H˙ = Ψ
[
HF˙R − F¨R + 4H3F˙G − 4H2F¨G
]
, (10)
H2 =
Ψ
3
[
FRR− F (R,G)− 6HF˙R + GFG
]
, (11)
where we have defined
Ψ ≡ 1
2FR + 8HF˙G
. (12)
Furthermore two Lagrange multipliers, defining R and G as
functions of a and its derivative a˙ and a¨, have to be consid-
ered to complete the dynamical system. See (A5) reported in
Appendix.
This system of equations will be the starting point to de-
velop our considerations at early epoch. As said above, our
aim is to track back the cosmic history investigating the cur-
vature regimes related to F (R,G) gravity. As we shall see,
combining information coming from the behavior of G and
R functions can, in principle, give a self-consistent picture of
cosmic evolution at any epoch.
IV. EARLY EPOCH COSMOLOGY
A first consideration is related to the fact that, as pointed out
by Starobinsky [14], adding higher-order curvature invariants
in the effective action gives rise to inflationary episodes that
naturally emergewithout introducing ad hoc inflaton fields. In
other words, improving geometry by curvature invariants give
the possibility to obtain accelerated expansions.
In the present case, the Ricci and Gauss-Bonnet invariants
play the role of scalar fields, whose dynamics is determined
by a Klein-Gordon-like equation coming from the trace Eq.
(7). In fact, such an equation can be recast as [22]
3 [FR + VR] +R [FG +WG ] = 0 , (13)
according to (8) and the definition
VR =
∂V
∂R
=
1
3
[RFR−2F (R,G)] , WG = ∂W
∂G = 2
G
R
FG .
(14)
Here  is the d’Alembert operator in curved space-time.
Clearly, as demonstrated in [22], the dominance of one of
the two terms in square brackets determines the evolution re-
lated to R or G. Consequently, we expect a double inflation
in which both geometric fields play a role at different scales.
In other words, we can have a R-dominated inflation and a
further G-dominated inflation working at different scales.
However, before starting our discussion, the possible pres-
ence of ghosts is an issue to be considered in the framework
of Gauss-Bonnet gravity. It is well known that, in general,
higher-order theories of gravity are not ghost-free so that vi-
able ranges of parameters have to be selected in order to obtain
self-consistent models. This is particularly relevant in cos-
mology to obtain reliable cosmic histories to be matched with
data. Specifically, higher-derivative gravity contains ghosts
due to the Ostrogradsky instability [57, 58].
These ghost terms may occur at fundamental and cosmo-
logical level for F (R,G) gravity and can be parameterized by
superluminalmodes k4 where k is the wavenumber of the spe-
cific mode. The reason why one gets k4 is due to the fact that
R evolves as ℓ−2 and G as ℓ−4.
To obtain viable models, procedures to eliminate ghosts
have been developed. In [59], it is proposed a method based
on the introduction of an auxiliary scalar field χ = χ(G) into
the F (R,G) action. Such a field quantifies the propagation of
scalar modes. Then, in order to make the scalar mode not a
ghost, a canonical kinetic term of χ can be introduced in the
F (R,G) action. See also [60]. According to this procedure,
it is possible to obtain second order field equations, (and then
eliminate higher than second order derivatives) and impose
suitable initial conditions determining a regular and unique
evolution without ghost fields. In particular, the new dynami-
cal degree of freedom can be eliminated adopting a "mimetic
gravity" procedure by introducing a Lagrange multiplier [61–
63]. Such a multiplier gives a natural mass constraint by
which the kinetic term becomes a constant. This constraint
determines the range of parameters where the model is ghost-
free. Clearly, being the Gauss-Bonnet terms of fourth-order,
the mass parameter has to be µ4. See [59] for details.
With the above considerations in mind, we can take into ac-
count the simplest natural extension of the Starobinsky model
[14] adding a non-trivial of Gauss-Bonnet contribution, that is
[22]:
F (R,G) = R+ αR2 + βG2 , (15)
where α and β are coupling constants with dimensions ℓ2 and
ℓ4, respectively. This choice means that Gauss-Bonnet invari-
ant gives a further scale where curvature can play a relevant
4role. In a scenario where the Universe is homogeneous and
isotropic, it is G2 ∼ R4 and this allows us to rewrite the above
function as
F (R) ≃ R+ αR2 + βR4 , (16)
which is an improved F (R) model with respect to
the quadratic Starobinsky one. Obviously, considering
anisotropies and inhomogeneities, G2 6= R4 due to the fact
that we cannot neglect the extra diagonal components of the
Ricci and Riemann tensors.
In general, an inflationary behavior is achieved if the fol-
lowing conditions on the Hubble parameter and its derivatives
are satisfied: ∣∣∣∣∣ H˙H2
∣∣∣∣∣≪ 1 ,
∣∣∣∣∣ H¨H H˙
∣∣∣∣∣≪ 1 . (17)
From the energy condition, given by Eq. (11), we have
12αHH¨ +H2 + 36αH2H˙ + 288βH4H˙2
+192βH5H¨ + 576βH6H˙ − 96βH8 − 6αH˙2 = 0 ,(18)
and from (10), we obtain
576βH2H˙3 + 768βH3H˙H¨ + βH4
(
1728H˙2 + 96
...
H
)
+288βH5H¨ − 384βH6H˙2
+18αHH¨ + 24αH˙2 + 6α
...
H + H˙ = 0 . (19)
Imposing that H is slowly varying, which means H˙ << H2
and H¨ << HH˙, Eq.(18), takes the form
H2 + 6α
(
2HH¨ + 6H2H˙ − H˙2
)
+96βH4
(
3H˙2 + 2HH¨ + 6H2H˙ −H4
)
= 0 . (20)
To study the evolution of the model, we need to find approxi-
mate solutions of Eq.(20) in different regimes. Let us suppose
that
6α >> 96βH4 . (21)
Then Eq.(20) becomes
H2 + 6α
(
2HH¨ + 6H2H˙ − H˙2
)
∼= 0 (22)
obtaining the well known Starobinsky scalaron mass [14, 65]
m2R =
1
6α
(23)
and the scale factor
a(t) ∼ exp
[
t√
6α
]
. (24)
Considering now the regime
96βH4 >> 6α , (25)
we have
H2 + 96βH4
(
3H˙2 + 2HH¨ + 6H2H˙ −H4
)
∼= 0 . (26)
From the above relation, we get an additional mass term due
to the presence of higher order correction [22]
m2G =
1
2 3
√
12β
, (27)
with the scale factor
a(t) ∼ exp
[
t
6
√
96β
]
. (28)
This result shows that we have two inflationary regimes. In
general, the two epochs are determined by the two terms in
Eq.(13) and potentials (14) that are valid for any F (R,G)
model.
We can conclude that considering the entire budget of cur-
vature in the effective action, two effective masses, lead-
ing dynamics, are naturally introduced. These ones corre-
spond to two different regimes ruling large scale and very
large scale structures. A part the above toy model, any
F (R,Rµν , Rµναβ) can be recast as F (R,G) thanks to the
constraint (2). This means that F (R,G)models are good can-
didates to figure out the cosmic evolution at early epochs.
However, we discussed only a toy model that could be-
come paradigmatic for tracing any cosmic history consider-
ing the evolution of curvature contributions. Clearly the more
the model is independent from the fine tuning of parameters,
the more its naturalness is recovered. In the present model,
the coupling constants α and β in Eq.(15) should be O(1)
in natural units where MPlanck = 1. In this regard, one of
the main drawbacks of Starobinsky model is that it requires
very the unnatural hierarchy α ≫ β to give rise to a satis-
factory inflationary behavior. In our case, we have a similar
fine-tuning issue so that both α and β have to be adjusted as
reported above. The problem can be partially alleviated con-
sidering that the double-inflationary regime allows to clearly
distinguish between the R2-driven phase with respect to the
R4 ∼ G2-driven phase. In other words, being the energy
scales very different, the required fine tuning is less severe.
V. THE COSMOGRAPHIC APPROACH
The above considerations can be extended towards late cos-
mic epochs adopting cosmography, that is a model indepen-
dent approach to constrain cosmological evolution by obser-
vational data. It relies on the hypothesis of large-scale homo-
geneity and isotropy, and combines kinematic parameters via
the Taylor expansion of the scale factor. The starting point is
5the definition of the cosmographic parameters [50]:
H(t) =
1
a
da
dt
, (29)
q(t) = −1
a
d2a
dt2
[
1
a
da
dt
]−2
, (30)
j(t) =
1
a
d3a
dt3
[
1
a
da
dt
]−3
, (31)
s(t) =
1
a
d4a
dt4
[
1
a
da
dt
]−4
, (32)
l(t) =
1
a
d5a
dt5
[
1
a
da
dt
]−5
, (33)
where, as above, H(t) is the Hubble parameter, q(t) is the
deceleration parameter which accounts for the decelerating or
accelerating expansion of the Universe, j(t) and s(t) are the
jerk and snap parameters, respectively. The latters may serve
as a geometrical diagnostic of dark energy models [66, 67].
Finally, l(t) is the lerk parameter also related to high order
corrections of the cosmic expansion. It is then useful to relate
the Hubble parameter derivative with respect to the cosmic
time to the other cosmographic parameters, that is:
H˙ = −H2(1 + q) , (34)
H¨ = H3(j + 3q + 2) , (35)
...
H = H
4 [s− 4j − 3q(q + 4)− 6] , (36)
H(4) = H5 [l− 5s+ 10(q + 2)j + 30(q + 2)q + 24] ,
(37)
Using these definitions, it is straightforward to rewrite the
Hubble parameter in terms of the cosmographic ones by ex-
panding it in Taylor series and evaluating cosmographic pa-
rameters at the present epoch, that is at redshift z ≃ 0
[68, 69, 71]:
H(z) = H0 +
dH
dz
∣∣∣
z=0
z +
1
2!
d2H
dz2
∣∣∣
z=0
z2 +
1
3!
d3H
dz3
∣∣∣
z=0
z3 + · · ·
= H0
[
1 + (1 + q0)z +
1
2
(−q20 + j0)z2
+
1
6
(3q20 + 3q
3
0 − 4q0j0 − 3j0 − s0)z3
+
1
24
(−12q20 − 24q30 − 15q40 + 32q0j0 + 25q20j0
+ 7q0s0 + 12j0 − 4j20 + 8s0 + l0)z4
]
+ · · · (38)
Starting from the Hubble parameter, it is possible to express
the luminosity distance as a redshift polynomial in term of
cosmographic quantities as [51, 69, 71–74]
dL(z) = cH
−1
0 (z +DL,1z2 +DL,2z3 +DL,3z4 +DL,4z5),
(39)
where the DL,i quantities are defined as follows
DL,1 = 1
2
(1 − q0) , (40)
DL,2 = −1
6
(1− q0 − 3q20 + j0) , (41)
DL,3 = 1
24
(2− 2q0 − 15q20 − 15q30 + 5j0 + 10q0j0 + s0) ,
(42)
DL,4 = 1
120
(−6 + 6q0 + 81q20 + 165q30 + 105q40
+ 10j20 − 27j0 − 110q0j0 − 105q20j0 − 15q0s0
− 11s0 − l0) . (43)
whereas, the angular diameter distance can be recast as:
dA(z) = cH
−1
0
(
z +DA,1z2 +DA,2 z3 +DA,3z4 +DA,4z5
)
,
(44)
defining
DA,1 = −1
2
(3 + q0) , (45)
DA,2 = 1
6
(
11 + 7q0 + 3q
2
0 − j0
)
, (46)
DA,3 = − 1
24
(50 + 46q0 + 39q
2
0 + 15q
3
0 − 13j0
− 10q0j0 − s0) , (47)
DA,4 = 1
120
(274 + 326q0 + 411q
2
0 + 315q
3
0
+ 105q40 − 210q0j0 − 105q20j0 − 15q0s0+
− 137j0 + 10j2 − 21s0 − l0) . (48)
Cosmological observables may be used to obtain constraints
on the cosmographic parameters by comparing the theoretical
predictions with data [70].
A. The y-redshift cosmography
Although cosmography has been successfully used to con-
strain the evolution of the late Universe, it is worth noticing
that, at at high redshift, i.e. z > 1, the Taylor expansion does
not converge. Therefore cosmography, as introduced above,
can be consistently applied only to low redshift datasets. Nev-
ertheless, in the last decade, a lot of high redshift observations
with unprecedented accuracy have been acquired. To be able
to use such datasets, one has to solve the convergence prob-
lem. The latter may be overcome re-parameterizing the Taylor
expansion using the expansion in y-redshift [51], that is
y =
z
1 + z
(49)
or y = 1 − a(t). By definition, the new parameter span the
range [0, 1], that corresponds to a redshift range [0,∞], allow-
ing to perform high redshift cosmography.
6In the y-redshift parameterization, the Hubble function can
be re-written as:
H(y) = H0
[
1 + (q0 + 1)y +
1
2
(
j0 − q02 + 2q0 + 2
)
y2
− 1
6
(
4j0q0 − 3j0 − 3q03 + 3q02 − 6q0 + s0 − 6
)
y3
+
1
24
(−4j02 + 25j0q02 − 16j0q0 + 12j0 + l0 − 15q04
+ 12q0
3 − 12q02 + 7q0s0 + 24q0 − 4s0 + 24)y4
]
.
(50)
While, luminosity distance can be recast as:
dL(y) = cH
−1
0 (y +DyL,1y2 +DyL,2y3 +DyL,3y4 +DyL,4y5),
(51)
with
DyL,1 =
1
2
(3− q0)
DyL,2 =
1
6
(11− 5q0 + 3q20 − j0)
DyL,3 =
1
24
(50− 26q0 + 21q20 − 15q30 − 7j0 + 10q0j0 + s0)
DyL,4 =
1
120
(274− 154q0 + 141q20 − 135q30 + 105q40
+ 10j20 − 47j0 + 90q0j0 − 105q20j0 − 15q0s0
+ 9s0 − l0). (52)
Finally, the angular diameter distance is re-written as:
dA(z) = cH
−1
0
(
z +DyA,1z2 +DyA,2 z3 +DyA,3z4 +DyA,4z5
)
,
(53)
where we have defined
DyA,1 = −
1
2
(1 + q0) , (54)
DyA,2 =
1
6
(−j0 + q0(3q0 − 2)− 10) , (55)
DyA,3 =
1
24
[
j0(10q0 − 7) + q0(3q0(7 − 5q0) + 10)
+ s0 − 58
]
, (56)
DyA,4 =
1
120
[
10j0
2 + j0(35(4− 3q0)q0 − 22)− l0
+ q0(3q0(35(q0 − 2)q0 + 22)− 15s0 + 196)
+ 14s0 − 316
]
. (57)
In the following sections, we will use the y-redshift cosmog-
raphy to obtain constraints on cosmographic parameters, and
on generic analytic F (R,G) models.
VI. OBSERVATIONAL DATA ANDMETHODOLOGY
In order to constrain the cosmographic parameters, we use
measurements of luminosity distances coming from Super-
novae Type Ia (SNeIa) and Gamma Ray Bursts (GRBs), of
H(z), and of Baryonic Acoustic Oscillation (BAO). This will
allow to set up a large sample of data and then consistently
constrain the model.
A. Luminosity distance
We employ a catalogue of 557 SNeIa in the redshift range
z = [0, 1.4] (UnionII catalogue [80]), and a list of 109 GRBs
given in [100] (the catalogue was compiled using the Am-
ati relation [101–103]), of which 50 GRBs at z < 1.4 and
59 GRBs distributed in the range of redshift [0.1, 8.1]. The
observable is the distance modulus µobs, and its theoretical
counterpart is given by
µth(z) = 5 log10 dˆL(z) + µ0 , (58)
where dˆL(z) ≡ dL(z)/(cH−10 ) and µ0 = 42.38− 5 log10 h,
with h ≡ H0/100. It worth noticing that the above equa-
tion holds for both cosmographic parameterizations discussed
above. Finally, χ2 can be computed as
− 2 logLk(p) = χ2k(p) =
Nobj∑
i=1
(
µth(zi,p)− µobs(zi)
σµ(zi)
)2
,
(59)
where k = [SN,GRB], Nobj = [557; 109] for SNeIa and
GRBs, respectively. Here, σµ(z) is the error on µobs(z). Nev-
ertheless, as well known, the parameter µ0 encodesH0 and it
must be marginalized over. Therefore, the χ2 function can be
defined as [81–84]:
χ˜2(p) = A˜− B˜
2
C˜
, (60)
where
A˜ =
Nobj∑
i=1
(
µth(zi,p, µ0 = 0)− µobs(zi)
σµ(zi)
)2
, (61)
B˜ =
Nobj∑
i=1
µth(zi,p, µ0 = 0)− µobs(zi)
σ2µ(zi)
, (62)
C˜ =
Nobj∑
i=1
1
σ2µ(zi)
. (63)
B. Expansion rate
An additional dataset is composed by 30 uncorrelated mea-
surements of expansion rate, H(z), [86–93]. Thus, following
the prescription in [85], the corresponding χ2 can be defined
as
− 2 logLH(p) = χ2H(p) =
30∑
i=1
(
H(zi,p)−Hobs,(zi)
σH(zi)
)2
,
(64)
where σH(z) is the error onHobs(z).
7C. Baryonic Acoustic Oscillations
Finally, another additional dataset we are going to use is
given by the data from the 6dFGS [95], the SDSS DR7 [96],
the BOSS DR11 [97–99], which are also reported in Table I
of [85]. As usual, we define the BAOs observable as : Ξˆ ≡
rd/DV (z); where rd is the sound horizon at the drag epoch
andDV the spherically averaged distance measure [94]
DV (z) ≡
[
(1 + z)2d2A(z)
cz
H(z)
]1/3
. (65)
For sake of simplicity, since we are adopting a model inde-
pendent approach, we will set rd = 144.57 Mpc [104]. Fi-
nally, the χ2 can be straightforwardly computed as
−2 logLBAO(p) = χ2BAO(p) =
6∑
i=1
(
Ξˆ(p, zi)− Ξobs(zi)
σΞ(zi)
)2
,
(66)
where σΞ(z) is the error on Ξ(z).
D. The Monte Carlo Markov Chain
The theoretical counterparts are predicted using Eqs. (50),
(51), and (53), and fit to the aforementioned datasets in order
to compute the log-likelihood,−2 logL = χ2(p) where p =
[H0, q0, j0, s0, l0] are the parameters of the model.
We explore the parameter space with a Monte Carlo
Markov Chain (MCMC) employing a Metropolis-Hastings
[75, 76] sampling algorithm. The step size is adapted to guar-
antee an acceptance rate between 20% and 50% [77, 78], and
the convergence is ensured by the Gelman-Rubin criteria [79].
Finally, the different chains are merged to constrain the model
parameters. Our priors are listed in Table I.
Parameter Priors Best fit
H0 [50, 100] 69.84
+0.83
−0.82
q0 [−1, 1] −0.16
+0.04
−0.05
j0 [−20, 20] −13.25
+0.83
−0.62
s0 [−200, 200] −138.47
+13.52
−10.21
l0 [−200, 200] 36.41
+18.64
−16.80
Table I: Parameter space explored by the MCMC algorithm. The first
column list the parameters, the second column lists the prior used in
our MCMC pipeline, and, finally, the third column lists the best fit
values.
Once ourMCMC reaches the convergence,we join together
all likelihoods related to different datasets, L(p) = ΠiLi
where i indicates the given dataset, to obtain the 2D joint
contours represented in Fig. 1, and the best fit parameters
summarized in Table I. On one side, our purpose is not just
related to find the best fit cosmographic parameters, thus we
only show the joint contours at 68% and 95% of confidence
levels, and then report the corresponding best fit parameters,
without analysing the constraining power of each dataset. On
the other side, having the posterior distribution of the cos-
mographic parameters, it will allow us to predict, adopting a
Monte Carlo sampling of those distributions, the correspond-
ing values of the theoretical parameters of the F (R,G) grav-
ity models, once we relate them to the cosmographic ones.
Hence, in the next sections we will introduce the F (R,G) cos-
mography.
VII. F (R,G) COSMOGRAPHY
Assuming again a flat FRW metric, we will compute the
equations to describe the cosmological evolution in term of
cosmographic parameters. Here, to make the text readable,
we summarize the whole procedure and report only the final
equations needed to translate the constraints from the cosmo-
graphic to the theoretical parameters of F (R,G) models. For
details in calculations, we refer the reader to Appendix A.
Starting from Eqs. (A1) and (A2), we assume that F (R,G)
is expandable in Taylor series, that is:
F (R,G) ≈ F (R0,G0) + FG(R0,G0)G + 1
2
FGG(R0,G0)G2+
R
(
FR(R0,G0) + FRG(R0,G0)G + 1
2
FRGG(R0,G0)G2
)
+
R2
(
FRR(R0,G0)
2
+
1
2
FRRG(R0,G0)G+
1
4
FRRGG(R0,G0)G2
)
. (67)
Supposing that the models may be well approximated by the
second order Taylor expansion in (R−R0) and (G−G0), one
can evaluate the main equations describing the cosmological
evolution, that is (A3) and (A4) at the present day, using the
definition of the Ricci and Gauss-Bonnet scalars in term of the
cosmographic parameters. To this end, we need to consider
the time derivative of (A4) and time derivatives of R and G.
The result is the system of equations in (A6)-(A17). Then,
we have to solve the system of equations with respect to the
present day values of F (R,G) and its derivatives up to the
second order of the expansion. A reasonable approximation is
to neglect all term beyond R3 in the Taylor expansion, which
means to set the following conditions:
FGG(R0,G0) = FRG(R0,G0) = FRGG(R0,G0) = 0, (68)
and
FRRG(R0,G0) = FRRGG(R0,G0) = 0. (69)
Finally, since we want to recover GR at lower order, we set
the prior:
FR(R0,G0) = 1 . (70)
8Figure 1: Two dimensional joint contours of the cosmographic parameters obtained using SNeIa+BAO+H(z)+GRB.
In such a way, one obtains :
F (R0,G0)
H20
=
P1(q0, j0, s0, l0) + P2(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) ,
(71)
FRR(R0,G0)
(6H20 )
−1 =
P3(q0, j0, s0, l0) + P4(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) ,
(72)
FRGG(R0,G0)
(48H40 )
−1 =
P5(q0, j0, s0, l0) + P6(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) ,
(73)
where we have defined the auxiliary func-
tions: P1(q0, j0, s0, l0), P2(q0, j0, s0, l0,Ωm),
P3(q0, j0, s0, l0), P4(q0, j0, s0, l0,Ωm), P5(q0, j0, s0, l0),
P6(q0, j0, s0, l0,Ωm), and R(q0, j0, s0, l0), which are
reported in Appendix A, see Eqs. (A29)-(A35).
Assumptions in Eqs. (68)-(70) are made in order to: (i)
analyze the F (R,G) model without any term contributing as
a cosmological constant, thus we force the zero-order of the
Taylor expansion to be zero; (ii) have only the Ricci scalar
as first term of the Taylor expansion to recover the GR. In
such a way we are focusing on the contributions given by
higher-order terms in R and G to the cosmological evolution
and, also, we are avoiding to consider extra equations in our
systems which would lead to the introduction of extra cos-
mographic parameters which would decrease the constraining
power of the dataset.
Eqs. (71)-(73) allow to use constraints on the cosmographic
parameters, given in Table I, to bounds the derivatives of the
Taylor expansion of F (R,G) model. Thus, we carried out
1000 Monte Carlo simulations randomly choosing the values
of the cosmographic parameters from their posterior distribu-
tion, and deriving the 2D contours and their best values. Final
results are summarized in Table II, and in Figure 2.
Results deserve some comments. As it is possible to see
from the bounded values, higher order Gauss-Bonnet terms
do not affect the late-time cosmological evolution. It is fully
driven by theR2 term of the Taylor expansion. In other words,
the F (R,G) theory reduces to F (R) models when late time
evolution is considered.
This output is rather expected because the Gauss-Bonnet
9Figure 2: Two dimensional joint contours of F (R,G)model’s parameters corresponding to aMonte Carlo sampling of the posterior distribution
in Fig.1.
Parameter Best fit
F00 (10
3) 31.73+0.58
−0.57
FRR (10
−6) −0.95+0.05
−0.08
FRG (10
−11) 1.97+0.17
−0.12
Table II: Best fit parameters of the F (R,G) model corresponding to
the one dimensional posterior distribution in Fig. 2.
invariant, scaling as quadratic gravity, works very well in high
curvature regimes as those of primordial epochs. As shown
above, a term like G2 scales as R4 and then it is effective at
very high energies naturally producing inflationary behaviors.
Clearly, it must be negligible at late time.
Furthermore, bounds on the second derivative with respect
to the Ricci scalar is consistent with constraints obtained in
F (R) gravity as shown, for example, in [54, 105]. This may
be considered as a self-consistent test for the procedure. In
a different perspective, it seems that cosmological evolution
is efficiently described by two fields at early epoch while one
field is sufficient to describe late epochs. In other words, the
Klein-Gordon dynamics, given by (13), turns on or turns off
the scalar fields (related to R and G) according to the scale.
VIII. DISCUSSION AND CONCLUSIONS
One of the main goals of modern cosmology is to con-
struct self-consistent models capable of tracking cosmic his-
tory from early to late epochs. According to this program,
inflation, dark energy and dark matter issues have to be con-
sider in order to describe evolution at any era.
Being, up to now, the dark side so elusive because no
final matter candidates have been detected at fundamen-
tal level, improving geometric sector seems a reliable ap-
proach. Adding further curvature and torsion invariants is a
paradigm supported by effective gravitational theories formu-
lated in curved space-time: these terms emerge in the action
as soon as one faces the problem to regularize and renormal-
ize the theory. Specifically, terms containing R2, RµνR
µν ,
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RµναβR
µναβ , eventually constrained by the Gauss-Bonnet
invariant G, have to be considered in any approach aimed to
obtain a theory of gravity renormalized at one-loop level [12].
In this perspective, any cosmological model which wants to
take advantage from this extended theories with respect to GR
has to consider such invariants.
Models like F (R,G), in principle, take into account
second-order curvature invariants that give rise to fourth-order
field equations by varying with respect to the metric. Consid-
ering G as a constraint for the other terms means that such
an action is capable of representing all the effective degrees
of freedom related to second order curvature invariants and,
furthermore, one is dealing with an effective theory with two
scalar fields.
In this paper, we discussedF (R,G)models at early and late
time epochs, that means at ultraviolet and infrared regimes.
The main result at early epochs is that a double inflation,
depending on G andR, can be naturally achieved. This feature
is very important to produce large and very large structures
and to give a gateway mechanism to regularize the inflation
(see for example [106]).
A cosmographic approach has been adopted at late epochs
for redshift z → 0. Without choosing specific F (R,G) mod-
els, we investigated if GR extensions due to R and G affect
dynamics at recent time. Among the priors, we imposed that
GR has to be recovered and cosmographic parameters, in the
observed ranges, are restored. In the approximation, we ex-
cluded adding further cosmographic parameters due to the or-
der of approximation. The result is thatF (R) corrections have
to be included while G and its functions are negligible at late
time. The interpretation of this fact is quite straightforward:
dark energy regime can be restored just considering an effec-
tive field (i.e. the field related to F (R)) and two scalar fields
are not necessary at late epochs.
This result is coherent with the following fact. It is well
known that terms like G2 can give rise to phantom solutions in
the limit t→∞. In this case, the de Sitter phase is asymptot-
ically unstable as reported in literature (see [26–46] and refer-
ences therein). In the present study, however, this problem is
overcome because terms like G2 dominates at t → 0, leading
the first inflationary phase while they decay at late epochs:
here R terms are dominating and then the de Sitter solution
results stable and phantom-free. From an observational view-
point, this statement is supported by the above contour plots
based on the reported data sets: cosmographic results exclude
the contributions of G terms into late time dynamics and, as
a consequence, phantom instability is also excluded from the
ranges of parameters. In other words, the best fit values in
Table I for the cosmographic parameters and in Table II for
F (R,G) parameters exclude phantom behaviors.
Clearly, what we discussed here is a coarse-grained ap-
proach that deserves further investigations and more refined
studies. This will be the topic of a next paper.
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Appendix A: Detailed calculations for F(R,G) cosmography
In the FRW background in Eq. (9) with a perfect fluid equation of state for ordinary matter, the field equations for F (R,G)
gravity are given by
(
a¨a− a˙2
a2
)
FR = −κ
2
(p(m) + ρ(m) +
1
2
[(
a˙
a
)
F˙R − F¨R + 4
(
a˙
a
)3
F˙G − 8
(
a˙
a
)(
a¨a− a˙2
a2
)
F˙G − 4
(
a˙
a
)2
F¨G
]
,(A1)
FR
(
a˙
a
)2
=
κ
3
ρ(m) +
1
6
[
RFR − F (R,G)− 6
(
a˙
a
)
F˙R + GFG − 24
(
a˙
a
)3
F˙G
]
, (A2)
where ρ(m) and p(m) are the energy density and pressure of ordinary matter, respectively, and the overdot denotes a derivative
with respect to the time coordinate, t.
Assuming that ρ(m) = 3H20Ωma
−3(t) and p(m) = 0, and expanding the time derivatives, the above equations (A1) and (A2)
become:
FRH
2 =
1
6
(
−6H
(
4H2
(
G˙FGG + R˙FRG
)
+ G˙FRG + R˙FRR
)
+ GFG +RFR − F
)
+
H0
2κΩm
a3
, (A3)
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2FRH˙ =− G¨FRG +H
(
G˙
(
FRG − 8H˙FGG
)
+ R˙
(
FRR − 8H˙FRG
))
+ 4H3
(
G˙FGG + R˙FRG
)
− G˙
(
G˙FRGG + 2R˙FRRG
)
− 4H2
(
G¨FGG + 2G˙R˙FRGG + G˙2FGGG + R¨FRG + R˙2FRRG
)
− R¨FRR − R˙2FRRR − 3H
2
0κΩm
a3
(A4)
For the sake of simplicity, we have used the following abbreviations: F ≡ F (R,G), Fx ≡ Fx(R,G) where x can be the Ricci
or the Gauss-Bonnet scalar, as well as any combination of them indicating derivatives with respect to these variables and, finally,
we have also defined a ≡ a(t), H ≡ H(t), R ≡ R(t), and G(t) ≡ G. To complete the dynamical system, we have to consider
constraints coming from the definitions of R and G, that is
R = 6
[
a¨
a
+
(
a˙
a
)2]
, and G = 24
(
a¨a˙2
a3
)
. (A5)
These last equations are Lagrange multipliers that constrain dynamics. See [56] for details. In order to get a close system of
equations useful for cosmographic analysis, let us differentiate Eq.(A4) with respect to t. We obtain:
2F 2RH¨ =4H
3
[
(FGGGFR − FGGFRG) G˙2 − R˙
(
F 2RG − 2FRFRGG + FGGFRR
) G˙ + G¨FGGFR+
FRG
(
R¨FR − R˙2FRR
)
+ R˙2FRFRRG
]
+ 4H2
[
(FGGGFRG − FGGGGFR) G˙3+
R˙ (2FRGFRGG − 3FRFRGGG + FGGGFRR) G˙2 +
(
2FRGGFRRR˙
2 + FRGFRRGR˙
2 − 3FRFRRGGR˙2+
R¨F 2RG + 3H˙FGGFR + G¨ (FGGFRG − 3FGGGFR)− 3R¨FRFRGG
)
G˙ −G(3)FGGFR+
3H˙R˙FRFRG − R(3)FRFRG − 3R˙G¨FRFRGG + R˙G¨FGGFRR + R˙R¨FRGFRR − 3R˙R¨FRFRRG+
R˙3FRRFRRG − R˙3FRFRRRG
]
+
[(
FRGFRGG − FRFRGGG
)
G˙3 + R˙G˙2
(
FRGGFRR + 2FRGFRRG−
3FRFRRGG
)
+
(
−8FGGFRH˙2 + FRFRGH˙ + G¨
(
F 2RG − 3FRFRGG
)
+ R¨FRGFRR − 3R¨FRFRRG+
2R˙2FRRFRRG + R˙
2FRGFRRR − 3R˙2FRFRRRG
)
G˙ + R˙R¨F 2RR − 8H˙2R˙FRFRG −G(3)FRFRG+
H˙R˙FRFRR −R(3)FRFRR + R˙G¨FRGFRR − 3R˙G¨FRFRRG − 3R˙R¨FRFRRR + R˙3FRRFRRR−
R˙3FRFRRRR
]
+H
{[
G˙
(
8H˙FGG − FRG
)
+ R˙
(
8H˙FRG − FRR
)](
G˙FRG + R˙FRR
)
+
FR
[(
FRGG G˙2 +
(
2R˙FRRG − 8H¨FGG
)
G˙ +
(
G¨ − 8R˙H¨
)
FRG + R¨FRR−
16H˙
(
FGGG G˙2 + 2R˙FRGG G˙ + G¨FGG + R¨FRG + R˙2FRRG
)
+ R˙2FRRR
)
+
9H20κΩm
a3
]}
+
3H20κΩm
a3
(
G˙FRG + R˙FRR
)
(A6)
In addition to the previous equations, we may define the Ricci and Gauss-Bonnet scalars and their derivatives with respect to
the cosmic time t as function of the Hubble parameterH and its derivatives. Thus, we have
R = 6
(
2H2 + H˙
)
, (A7)
R˙ = 6
(
H¨ + 4HH˙
)
, (A8)
R¨ = 6
(
H(3) + 4HH¨ + 4H˙2
)
, (A9)
R(3) = 6
(
H(4) + 4HH(3) + 12H˙H¨
)
, (A10)
(A11)
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and
G = 24H2
(
H2 + H˙
)
, (A12)
G˙ = 48HH˙
(
H˙ +H2
)
+ 24H2
(
H¨ + 2HH˙
)
, (A13)
G¨ = 48H˙2
(
H˙ +H2
)
+ 48H
(
H˙ +H2
)
H¨+
96HH˙
(
H¨ + 2HH˙
)
+ 24H2
(
H(3) + 2HH¨ + 2H˙2
)
, (A14)
G(3) = 48H(3)H
(
H˙ +H2
)
+ 144HH¨
(
H¨ + 2HH˙
)
+
144H˙
(
H˙ +H2
)
H¨ + 144H˙2
(
H¨ + 2HH˙
)
+
144HH˙
(
H(3) + 2HH¨ + 2H˙2
)
+
24H2
(
H(4) + 2HH(3) + 6H˙H¨
)
, (A15)
Let us now suppose that the F (R,G)-Lagrangian may be well approximated by its second order Taylor expansion in (R−R0)
and (G − G0). We set:
F (R,G) ≈F (R0,G0) + FG(R0,G0)G + 1
2
FGG(R0,G0)G2 +R
(
FR(R0,G0) + FRG(R0,G0)G + 1
2
FRGG(R0,G0)G2
)
+
R2
(
FRR(R0,G0)
2
+
1
2
FRRG(R0,G0)G + 1
4
FRRGG(R0,G0)G2
)
.
We can make further assumptions to reduce the complexity of the problem. We want our model to be an extension of GR then
we retain corrections related to the Gauss-Bonnet invariant up to R3. The reason for this choice is to simplify the problem in
view of obtaining analytic solutions, and to avoid the introduction of new cosmographic parameters beyond the parameter l,
which would be needed if higher order correction to GR are taken into account. All those assumptions can be translated is the
following bounds:
FGG(R0,G0) = FRG(R0,G0) = FRGG(R0,G0) = FRRG(R0,G0) = FRRGG(R0,G0) = 0, (A16)
FR(R0,G0) = 1 , (A17)
Inserting Eq. (A7)-(A17) in the Eqs. (A3)-(A6), one gets:
(12D)−1
[
H0
2kΩm
a3
−
(
2F00 + 12H
(
FRG G˙ + FRRR˙
)
+ 12H2(FRGG+ FRRR+ 1)−
R(2FRGG+ FRRR) + 48FRGH
3R˙
)]
= 0 , (A18)
H˙ − (2D)−1
(
H
(
R˙ (FRR − 8FRGH ′) + FRG G˙
)
− FRG G¨ − 4FRGH2R¨+
4FRGH
3R˙− FRRR¨− 3H0
2kΩm
a3
)
= 0 , (A19)
H¨ − (2D2)−1
{[
FRG
2G˙G¨ + FRG
(
D
(
H ′
(
G˙ − 8H ′R˙
)
−G(3)
)
+ FRRG¨R˙+
FRRG˙R¨
)
+ FRR
(
H ′R˙−R(3)
)
D + FRR2R˙R¨
]
+ 4FRGH
2
(
R¨
(
FRG G˙+
FRRR˙
)
+ 3H ′R˙D −R(3)D
)
+ 4FRGH
3
(
R¨D − R˙
(
FRG G˙ + FRRR˙
))
+
H
(
D
((
R¨ (FRR − 16FRGH ′) + FRG G¨ − 8FRGH ′′R˙
)
+ 9H0
2kΩm
)
+
(
FRG G˙ + FRRR˙
)(
−R˙ (FRR − 8FRGH ′)− FRG G˙
))
+
3H0
2kΩm
a3
(
FRG G˙ + FRRR˙
)}
= 0 , (A20)
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where we have defined:
D = FRGG+ FRRR+ 1 . (A21)
The next step it to evaluate the Eqs.(34) - (37) at redshift zero, and to use them in the previous equations (also evaluated at
redshift zero) in order to find a relation between the derivatives of the F (R,G) model and the cosmographic parameters. Thus,
Eqs. (A18)-(A21), evaluated at z = 0, are:
F00 + 6H0
2
(
24FRGH0
4(2j0 + q0(q0 + 2)− 2) + 3FRRH02(2j0 − q0(q0 + 2)− 3)− kΩm + 1
)
6K = 0 , (A22)
H0
2
2K
[
48FRGH0
4
(−j0(4q0 + 5)− (q0 + 6)q20 + q0 + s0 + 6)+ 6FRRH02(−j0 + 3q0(q0 + 3) + s0 + 6) + 3kΩm−
2q0 − 2
]
= 0 , (A23)
H0
3
2K2
[
−1152FRG2H08
(
5j20 + j0
(
2q30 − 11q20 − 5q0 − s0 − 6
)
+ q0
(−l0 + 2q40 − 4q20 + 4q0s0 + 26q0 + 5s0 + 18)
)
−
6FRRH0
2
(
24FRGH0
4
(
19j20 − j0
(
12q30 + 56q
2
0 − 13q0 + 3s0
)− 3l0q0 + 2l0 − 38q40 − 29q30 + 10q20s0 + 112q20 + 5q0s0+
12q0 − 12s0 − 48
)
− j0(3kΩm + 5q0 + 3) + 12kq0Ωm − 3kΩm + l0 − 32q20 − 55q0 − 2s0 − 24
)
− 24FRGH04
(
8j20+
j0
(−3kΩm + 14q20 + 78q0 + 40)+ 2 (q20(22− 3kΩm) + l0 + 17q30 − 2q0(3s0 + 20)− 4(2s0 + 9))
)
−
36FRR
2H0
4
(
j20 + j0
(
2q20 − 8q0 − s0 − 15
)− l0q0 + l0 + 3 (9q30 + 14q20 + q0(s0 − 1)− 4))− 2j0 + 9kΩm − 6q0 − 4
]
= 0 ,
(A24)
where we have defined:
K = 24FRGH04q0 + 6FRRH02(q0 − 1)− 1 . (A25)
The final step is to solve the previous equations with respect to the derivatives of F (R,G) to get:
F (R0,G0)
H20
=
P1(q0, j0, s0, l0) + P2(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) , (A26)
FRR(R0,G0)
(6H20 )
−1 =
P3(q0, j0, s0, l0) + P4(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) , (A27)
FRGG(R0,G0)
(48H40 )
−1 =
P5(q0, j0, s0, l0) + P6(q0, j0, s0, l0,ΩM )
R(q0, j0, s0, l0) , (A28)
where we have defined :
P1(q0, j0, s0, l0) =− 3
(
8j30 − 24j20q30 − 94j20q20 − 64j20q0 − 8j20s0 − 14j20 − 8j0l0(q0 + 1) + 12j0q50 − 4j0q40 + 16j0q30+
14j0q
2
0s0 + 134j0q
2
0 − 28j0q0s0 + 96j0q0 − 22j0s0 + 6j0 + 2l0q30 − 6l0q20 − 6l0q0 + 2l0 + 24q60 + 6q50−
12q40s0 − 72q40 − 34q30s0 − 12q30 + 4q20s0 + 144q20 + 12q0s20 + 98q0s0 + 150q0 + 12s20 + 60s0 + 48
)
,
(A29)
14
P2(q0, j0, s0, l0,ΩM ) =3Ωmk
(
16j30 + 56j
2
0q0 + 8j
2
0s0 − 12j20 + 8j0l0(q0 + 1) + 11j0q40 + 28j0q30 + 14j0q20s0 + 63j0q20+
48j0q0s0 − 57j0q0 + 12j0s0 − 24j0 + 2l0q30 + 12l0q20 + 4l0q0 − 3l0 + 6q50 − 33q40 + 8q30s0−
162q30 − 44q20s0 − 276q20 − 12q0s20 − 114q0s0 − 138q0 − 12s20 − 45s0 − 18 ,
)
(A30)
P3(q0, j0, s0, l0) =2j20 − 12j0q30 − 56j0q20 − 72j0q0 − 2j0s0 − 30j0 − 2l0q0 − 2l− 24q40 − 30q30 + 12q20s0 + 60q20+
22q0s0 + 114q0 + 12s0 + 48 , (A31)
P4(q0, j0, s0, l0,Ωm) = Ωmk
(
12j20 + 21j0q
2
0 + 81j0q0 + 12j0 + 3l0 + 36q
3
0 + 6q
2
0 − 18q0s0 − 114q0 − 15s0 − 54
)
,
(A32)
P5(q0, j0, s0, l0) = −24− 6j0 − 2j20 + 2l0 − 78q0 − 12j0q0 + 2l0q0 − 84q20 − 4j0q20 − 30q30 + 2j0s0 + 2q0s0 , (A33)
P6(q0, j0, s0, l0,Ωm) = Ωmk
(
15j0q + 30j0 − 3l0 + 45q20 + 72q0 − 3s0 + 18
)
(A34)
R(q0, j0, s0, l0) =
[
4j30 + j
2
0
(
15q20 + 56q0 − 4s0 + 30
)− j0
(
4l0(q0 + 1) + 16q
4
0 + 32q
3
0 + q
2
0(7s0 + 69) + 6q0(7s0 + 22)+
24(s0 + 3)
)
+ q30(−l0 + 5s0 + 159) + q20(−9l0 + 46s0 + 306) + q0
(
6
(
s20 + 16s0 + 40
)− 8l0)− 21q50+
6
(
s20 + 8s0 + 12
)]
. (A35)
These are all the ingredient to construct our Gauss-Bonnet cosmography. See also [54] for the case of F (R) gravity.
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